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Analyzed a re  the genera l  conditions of the rmodynamic  equi l ib r ium in po lymolecu la r  a d s o r p -  
tion f i lms  of po l a r  liquids. The rm a l  equations of adsorpt ion  and a cap i l l a ry  condensation 
a re  der ived  for  s y s t e m s  with a developed in te rphase  boundary.  

1. Genera l  Conditions of Equi l ibr ium in Po lymo lecu l a r  Adsorpt ion F i lms .  The exis tence of po ly -  
mo lecu l a r  f i lms  in the rmodynamic  equi l ib r ium at the sur face  of a solid has  been demons t ra t ed  in numerous  
expe r imen ta l  and theore t ica l  s tudies by B. V. Deryagin  and his students [1-4]. An adsorpt ion  f i lm of po la r  
liquid has a sha rp ly  defined in te rphase  boundary  with i t s  vapor  as well as  with the bulk liquid and, t h e r e -  
fore ,  f o rma l ly  may  be t r ea t ed  as  a s epa ra t e  phase  [4]. It  d i f fers  f r o m  the bulk liquid in that  i t  is  located 
in the potent ia l  f ield of the solid sur face  and, as a resu l t ,  acqu i res  a m o r e  o rde r ed  (oriented) s t ruc tu re .  
If the adsorben t  sur face  is  r ega rded  as  an "ext raneous  wall" and i ts  e f fec t  on the f i lm is  accounted for  in 
t e r m s  of the potent ia l  f ield of the sur face ,  then the adsorpt ion f i lm together  with i t s  vapor  can be viewed 
as a the rmodynamic  s y s t e m  in a nonuniform ex te rna l  field. 

When the f ield of the adsorben t  sur face  is  nonuniform, then the adsorba te  molecu les  ex i s t  under  un- 
equal conditions and the equi l ibr ium dis t r ibut ion of p a r t i c l e s  in the field, while the i r  total  number  in the 
s y s t e m  r e m a i n s  unchanged, follows the equation: 

+ / 7  = const. (1) 

Owing to the nonhomogeneous e l ec t r i c a l  topography of the adsorben t  sur face ,  po lymolecu la r  a d s o r p -  
tion will occur  in d i sc re te  domains  of r a t h e r  smal l  d imensions  (of the o r d e r  of 10-7-10 .5 cm). In f i lms  of 
such smal l  d imensions  the the rmodynamic  potent ia ls  cease  to be additive ove r  the m a s s ,  becoming  functions 
of the f i lm thickness  and of the domain size.  F r o m  a s t r i c t l y  phenomenologica l  viewpoint,  this si tuation 
m a y  be r ega rded  as  evidence of ce r ta in  c h a r a c t e r i s t i c s  which dist inguish an adsorpt ion f i lm f r o m  the bulk 
liquid. 

The th ickness  of an adsorpt ion  f i lm and the d i spe r s iv i ty  of the adsorben t  can both v a r y  ove r  wide 
r anges  and, the re fore ,  the appl icabi l i ty  of the the rmodynamic  method to an ana lys i s  of adsorpt ion f i lms  may  
be l imited.  Gibbs '  fundamental  adsorpt ion equation [5], which r e l a t e s  the var ia t ions  in sur face  tension in 
the chemica l  potent ia l  of a f i lm to i ts  th ickness ,  r e m a i n s  val id for  a plane in te rphase  boundary until the 
s y s t e m  has  become comple te ly  homogenized [6], inasmuch  as  all  p a r a m e t e r s  in this equation do not depend 
on the location of this in te rphase  boundary. In the case  of v e r y  curved  in te rphase  boundar ies  the tension 
sur face  m a y  degenera te  and the sur face  tension of the f i lm will then depend on the i r  location. As has  b e e n  
shown in [6, 7], the the rmodynamic  (quasi thermodynamic)  method, which yields  not only good quali tat ive 
but a lso  quanti tat ive r e su l t s ,  m a y  be applied to an ana lys i s  of thin objec ts  like f i lms .  If the equ imolecu la r  
in te r face  is  r eg a rded  as  the g e o m e t r i c a l  boundary,  then va r i a t ions  in sur face  tension will c o r r e s p o n d  to 
actual  va r ia t ions  in the in te r face  curva tu re  and in the f i lm thickness  [8]. 

With al l  this in mind, we will now analyze the conditions of mechan ica l  equi l ib r ium in a s i n g l e - c o m -  
ponent  two-phase  sys tem:  a p o l y m e r  adsorpt ion  f i lm (') and i ts  vapor  ("). We will a s s u m e  that the 
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Vapor  equ i l ib r ium 
P - - T  d iagram.  

adsorben t  does not r e a c t  chemica l ly  with the f i lm,  d i sso lves  ne i ther  in 
the f i lm nor  in the sur face  l aye r ,  and const i tu tes  p a r t  of the shell  which 
contains the sys tem.  Let  the s y s t e m  be t h e r m a l l y  insulated and m e -  
chanical ly  i so la ted  f r o m  the ambien t  medium.  If the sum of the m a s s  
of both p hase s  r e m a i n s  constant,  then the in terna l  ene rgy  of the s y s t e m  
will a lso  be constant.  This in te rna l  ene rgy  will r e p r e s e n t  here  the 
the rmodynamic  potential .  The equi l ibr ium condition, which impl i e s  
that  al l  poss ib le  work  of the s y s t e m  is  equal  to ze ro  (the ene rgy  of the 
s y s t e m  is  minimum) can be wri t ten as  

OU = OU'-~- OU" +. OUF = O. (2) 

Inasmuch as  the s y s t e m  is  under  the influence of a nonuniform ex te rna l  
f ie ld and the i a t e rphase  boundary can genera l ly  have var ious  cu rva tu re s ,  
Eq. (2) will now be r ewr i t t en  in in tegra l  form.  Since for  a smal l  p a r t  
of the s y s t e m  

dU = TdS ~ P d V  + (p, -~ 17) dN -+- ~dF, (3) 

5U' = ~ TO (dS') - -  S p'5 (dV') + ~ ~'5 (dN') + ~ 11"5 (dN'), (4a) 

6U" = S TO (dS") - -  ~ p"5 (dW) + ~ ~t"5 (dN") + ~ 11"8 (dN"), (4b) 

5UF ---- ~ a5 (dF). (4e) 

In tegra l  (4c) with r e s p e c t  to the in te rphase  boundary a r e a  may  v a r y  due to a var ia t ion  e i ther  in the 
boundary shape or  in i t s  s ize.  There fo re ,  the total  poss ib le  var ia t ion  of U F is  

5UF = 5 5 adF = ~ ~5 (dF) -4- ~ OadF( (5) 

F u r t h e r m o r e ,  the in teg ra l s  with r e s p e c t  to potent ia l  ene rgy  m a y  v a r y  due to e i ther  a var ia t ion  in the 
magnitude of the m a s s e s  or  a var ia t ion  in the locat ion of constant  m a s s e s  in the potent ia l  f ield 

6 ~ II'dN" -~ ~ f l '6 (dN') + ~ 6II'dN', (6a) 

5 ~ l-l"dV"-: ~ II8(dN") + ~ 5II"dN". (6b) 

A s imul taneous  solution of Eqs.  (2), (4), (5), (6) and the additional conditions of constant  entropy,  
constant  volume,  and constant  m a s s  of the total  s y s t e m  will yield the following conditions of equi l ibr ium 
between an adsorp t ion  f i lm and i ts  vapor:  

T ' =  T"=  T =  const, (7a) 

~ t ' + / 7 ' =  ~ " + / 7 " =  ~p= const, (7b) 

P ' - - P " =  a -b 1 § O--~ 

2. The rmodynamic  P a r a m e t e r s  of an Adsorpt ion Fi lm.  All quanti t ies in e x p r e s s i o n s  (7b), (7c) a re  
functions of the f i lm th ickness  h, al l  o ther  conditions r emain ing  unchanged. Let  us different ia te  these 
quant i t ies  with r e s p e c t  to h, with T = coast .  Consider ing that  01z/aP = v, we have 

v' aP" 017" oP (8a) 
-0~ + a--~ = ~' ah ' 

op" an"  op (8b) 
Oh Oh Oh ' 

Oh Oh Oh , t �9 (8c) 

A s imul taneous  solution of these  equations and a subsequent  in tegra t ion  f r o m  ~o to h yie lds  (the vapor  
a s s u m e d  a nea r l y  idea l  gas): 

[-, + o,( 
P ~ P ,  exp 'kT k--T C o +  , ( 9 a )  
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- ( ; )  P _ P ~ -  Caq-  3a 

0o)] 
P " =  P8 exp ~ + -~-  Ca q- -~n ' (9c) 

where C = 1 /R t + 1 /R 2. 

F r o m  the equi l ib r ium conditions (7) one can der ive  the Clapeyron- -Claus ius  equation, which wii1 re la te  
the heat  of phase  t r ans fo rmat ion ,  the jump in specif ic  volume and in p r e s s u r e ,  and the slope of the equi l i -  
b r i u m  curve  at  the t rans i t ion  point. Trans i t ion  f r o m  one equ i l ib r ium state  to a state in f in i tes imal ly  close 
to equi l ib r ium occu r s  in accordance  with the following re la t ions :  

aW(P', T) + dn '= d~,"(P", T) + dH", (lOa) 

d P ' - - d P ' =  d Col -k ~n " (10b) 

F o r  a var ia t ion  in the chemica l  potent ia l  we have 

d~ = - -  S d T  + vdP.  (11) 

Consider ing that (S"--S ' )T = ~ and solving (10), (11) s imul taneously ,  we obtain 

0a 

dT = T ( v ' - -  v') 

E x p r e s s i o n  (12) is  the C lapeyron- -Claus ius  equation, extended to two-phase  s y s t e m s  with a developed 
in te rphase  boundary. Curve ab  denoting the equi l ibr ium between an adsorp t ion  f i lm and i ts  vapor  on the 
P - - T  d i ag ram (Fig. 1) is  shifted here  upward f r o m  i ts  posi t ion for  the bulk liquid and i ts  vapor  (curve a 'b ' )  
so that the p h a s e - t r a n s f o r m a t i o n  t e m p e r a t u r e  for  the sur face  phase  T l ies  below the p h a s e - t r a n s f o r m a t i o n  
t e m p e r a t u r e  for  the bulk liquid T o under  the same  p r e s s u r e ,  This drop in the p h a s e - t r a n s f o r m a t i o n  t e m -  
p e r a t u r e  (Fig. 1) is  

AT = T o -  T = (P"--Ps) fgcc. (13) 

Owing to the smal l  cu rva tu re  of line a ' b ' ,  one m a y  let  

ctg c~ _~ dP8.  
aT (14) 

Treating the vapor as an ideal gas, approximately, and disregarding Pv' << kT, we obtain 

ctg ~ -- Pdl~ 
kT ~ (15) 

A simultaneous solution of Eqs. (9c) and (15) yields the expression 

AT' 

The di f ferent ia l  heat  of p h a s e - t r a n s f o r m a t i o n  for  s y s t e m s  with a developed in te rphase  boundary is 
not equal to the co r respond ing  value ~s fo r  the bulk liquid. In o r d e r  to de te rmine  ~/(P~, T), we differentiat~ 
the comple te  der iva t ive  

dT [ On ] J = - ~  k.T ln w ) 

with r e s p e c t  to P and T, then i n s e r t  into (12). Af te r  n e c e s s a r y  opera t ions ,  we obtain 

p,, 
n = ~1,-- (I - -  a'tT ) kT  in - -  (17) 

P, 

The di f ferent ia l  heat  of adsorp t ion  can be ea s i l y  found f r o m  exp re s s ion  (17). Noting that for  an ideal  
gas  S--S" = k ln  ( P ' / P ) ,  we have 

o ] ) / i  )~ = (S - -  S') r = ~1 - -T I "  =- ~l~q- k r  In P~ + cz),~T 2 In - - .  (18) 
P P~ 
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Fig. 2. Schematic d iagram 
of an equivalent sorbent capi l -  
lary.  

Capil lary effects  of the second kind, which appear  when the fi lm dimensions are  small ,  cause the 
surface tension to depend on the fi lm geometry.  In o rde r  to determine (~, we will use the equil ibrium con-  
dition (7c) and the well known differential equation in [9] relat ing the surface tension a, the difference 
between the phase p r e s s u r e s  1) '--P ' ' , and the nominal thickness of the transi t ion layer  5 

[ a ( P  ~-~ P") l r  = - -5 .  
(19) 

In o rde r  to render  the p rob lem determinate,  we let C = 2/R. If 5 << R, then 6 may be assumed in-  
dependent of R, to the f i r s t  approximation,  and equal to 6 s for the bulk liquid [8]. At a constant  t e m p e r a -  
ture 6 s = constant. Differentiating Eq. (7c) with the tempera ture  constant  along the normal  n yields 

o(p'-p")_ o (2~ a~'/ 
an On - -R  + - ~ n  l " (20) 

yields 

A simultaneous solution of (19) and (20) for  the boundary conditions 

~ a[h=o = O, ~jh:* = ~ ,  = O, 

On 
_ 1 

IY 
[ , 

o r  

2~r Oa 1 ~- ((~---a), (21) 
R On 

The solution to Eq. (22) with these boundary conditions yields the following express ions  for the s u r -  
face tension a as a function of the curvature  radius  R and of the f i lm thickness h = n.  cos a .  

a = a ~  1 - -  - - ~  I 2 On - -  

• 1 2 o n + T k o n /  - T ~ J + " "  (23) 
n 2n 2 OR I n - -  

- -  exp 6 R On 3 On ~ 

, ) ]} 
1 2  " On 3 
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F or  thin f i lms R >> h, and for  thick f i lms the ent i re  exponential  t e r m  tends to zero.  Therefore ,  r e -  
taining only the f i r s t  two t e r m s  ia the exponent will be sufficiently accura te .  Then, with the t e r m s  of h igher -  
o r d e r  smal lness  omitted,  we have 

a = a = [ 1  26R exp 6--cos--h-a ( I + ~ ) ] .  (24) 

Equation (24) is analogous to the closed Gibbs--Tolman--Koenig--13aff equation [8] der ived for  small  
drople ts  o r  bubbles, except  that i ts  exponential  t e r m  accounts also for  cap i l la ry  effects  of the second Mad 
assoc ia ted  with thin f i lms (small values of h) [10]. 

3. General  Equations of Adsorption and Capi l lary  Condensation. Express ion  (9a) can, with the aid 
of (21), be rewr i t t en  as 

kT In p~ H ' - -  v' 
P - - 7 -  ( ~  - ~)" (25) 

Equation (25) is  the the rmal  equation of adsorption,  extended to sys tems  with a developed ia terphase  
boundary. If cap i l la ry  effects  are  d is regarded,  then the second t e r m  on the r ight-hand side of (25) becomes  
zero  and we have the conventional Polani  equation of adsorpt ion [11]. An analysis  of (25) shows that, under  
cer ta in  conditions (for example,  for  the adsorpt ion of polar  molecules) ,  the r ight-hand side of Eq. (25) be-  
comes  zero  at a finite thickness h 0 of the adsorpt ion film, which has been conf i rmed exper imenta l ly  by 
severa l  authors  [3, 12, 13]. For  this condition of equi l ibr ium between a po lymolecu la r  adsorpt ion fi lm 
and i ts  sa tura ted  vapor  (saturated re la t ive  to the bulk liquid) P s  is de te rmined  f rom (25) 

_ / 7 , =  v' - -  (~| --- a). (26) 
6 

In the major i ty  of hygroscopic  ma te r i a l s  over  a wide range of mois ture  level,  charac te r i s t i ca l ly ,  the 
p r o c e s s e s  of adsorpt ion and capi l lary  condensation occur  simultaneously,  which significantly reduces  the 
applicabil i ty of Eq. (25). The applicabil i ty of the Kelvin--Thompson equation of cap i l la ry  condensation 
becomes  l imited for  the same reason,  as has been conf i rmed in many exper imenta l  and theore t ica l  studies 
[14-16]. 

The effect  of po lymolecular  adsorption f i lms on capi l la ry  condensation in wide p o re s  has been ex -  
p lo red  thoroughly enough by B. V. Deryagia  [17, 18], where he has shown that the hydraulic radius of an 
equivalent  pore  at the meniscus  level  is  equal to the  thickness of the adsorpt ion fi lm plus the thickness of the 
va r i ab l e -cu rva tu re  t rans i t ion l aye r  plus the thickness of the cons tan t -curva ture  cap i l la ry  condensate l aye r  
(Fig. 2). Such a model of sorption phenomenon is cha rac t e r i s t i c  of wide pores ,  where the effect ive ranges  
of surface fo rces  on opposite walls do not overlap.  In na r row p o re s  the adsorpt ion potent ia ls  over lap and 
the total potential  at the pore  axis is not zero ,  inasmuch as the dispers ion fo rces  are  adding here .  A con-  
s t an t -curva tu re  region of cap i l l a ry  condensate,  with p a r a m e t e r  values o ther  than the cor responding  p a r a -  
m e t e r  values for  the bulk liquid, may be miss ing in na r row pores .  

On this basis ,  then, we will examine the genera l  conditions of equi l ibr ium between the adsorption 
f i lm and i ts  vapor,  assuming that there  is no capi l la ry  condensate p resen t  ia na r row pores .  For  s impl i -  
city, we will consider  a single cap i l la ry  (Fig. 2) whose wall length and wail slope are  de termined  by the 
total volume of po re s  in a given sorbent.  The f ree  ene rgy  of the sorbed  liquid (we assume that the constant-  
curva ture  meniscus  exists)  is  

F = (oF q- %(F*--  F) q- [c.N~.We+ s%-- F o. (27) 

By analogy with [18], we consider  the v i r tua l  desorpt ion of dWe moles  at p = coast,  and h = coast.  
(the ent i re  shaded a rea  in Fig. 2) by i so the rmal  r eve r s ib le  dist i l lat ion into the bulk liquid under p r e s s u r e  
t) s. We then have 

- -  0 , ~ -  ~*,,) N~dW c = (o, - -  %) dF + N J # w c +  %ds. (28) 

The wal l s  of  the equivalent  capi l lary  s lope only  sl ightly,  and it m a y  be a s s u m e d  that they remain  
para l l e l  within e v e r y  c r o s s  sec t ion  at the m e n i s c u s  level .  Then ds -~ 0 and 

dWc= ( H h '~ dF 
- -  T - -  ] v; (29) 
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F u r t h e r m o r e ,  by definition 

With (29) and (30), exp re s s ion  (28) b e c o m e s  

/c=  ~tc-- ~q' 
(30) 

H = h + v' co - -  coo (31) 
2 ~t c - -  ~tp 

Fo r  de te rmin ing  co we use B. V. Deryag2n ' s  genera l iza t ion  of the chemica l  potent ia l  of a l ayer  [4]: 

0co 
~t'-~- v' ~ = ~tp. (32) 

in the genera l  case ,  the boundary sur face  between an adsorpt ion f i lm and i ts  vapor  is  curved  and, 
the re fore ,  # '  ~/~s. The value o f p '  can be found f r o m  the equi l ibr ium condition (7b). Solving s imul tane-  
ously  (32) and (7b) yields ,  a f t e r  integrat ion,  

h h 

co = % - S - -  c%+ n ' e h .  (33) 

Consider ing that  

% = r Gcos 0s, (34) 

and inse r t ing  (33) as  well  as  (34) into (31), we obtain the c o r r e c t  equation of cap i l l a ry  condensation for  sy -  
s t e m s  with a developed in te rphase  boundary: 

h 

v Gcos 0s-- j (f--~p)dh (35) 
~-~ = h  + | 

2 ~c--~tp 

Equation (35) appl ies  to p o r e s  of any width. With the adsorpt ion  potent ial  d i s r ega rded  here ,  (35) be -  
comes  the s imple  Kelv in- -Thompson equation. Fo r  suff icient ly wide f lat  po re s  (where the effect ive r anges  
of f o r ce s  on opposite walls  do not overlap)  one may  a s s u m e  that  ~ '  = Pc = ~s, and (35) becomes  the Deryagin  
equation. In both c a s e s  the l imit ing width of an equivalent  cap i l l a ry  tends to infinity. The phys ica l  pa t t e rn  
is  dif ferent  during sorpt ion in n a r r o w  cap i l l a r i e s .  Assuming  that/~c ---P' and using re la t ion  (7b), for  example ,  
we thus obtain 

h 

v'r 0~ q- ~ II'dh 
H _  = h -  J ~ (36) 

2 H'  

Fo r  so rbed  molecu les  with high potent ia l  ene rg i e s  (for sorpt ion  of po la r  molecu les  by a fine d i s -  
pers ion)  the l imit ing value H 0 (as well  as  the l imit ing th ickness  h 0 of the adsorpt ion film) becomes  finite 
and dependent on the t e m p e r a t u r e ,  on the kind of sorbent ,  and on the kind of sorbate  ma te r i a l .  The fact  
may  explain the t e m p e r a t u r e  dependence of the m a x i m u m  moi s tu re  content, e s tab l i shed  in many  e x p e r i -  
ments  during the sorpt ion of water .  

11 i s  the 
/~ is  the 
/~19 is  the 
U i s  the 
F is  the 
S is  the 
u i s  the 
P is  the 
T i s  the 
o is  the 
(r~ is  the 
F i s  the 

NOTATION 

potent ia l  e n e r g y  of a molecule  in the f ield of sur face  fo rces ;  
chemica l  potent ia l  of a molecule ;  
chemica l  potent ia l  of vapo r  a t  p r e s s u r e  P;  
in te rna l  energy;  
f r ee  energy;  
ent ropy;  
volume;  
p r e s s u r e ;  
t e m p e r a t u r e ;  
su r face  tension of adsorpt ion  f i lm, r e f e r r e d  to the f i l m - v a p o r  in te rphase  boundary;  
sur face  tension of f i lm of infinite th ickness ;  
sur face  a r ea ;  
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is  the total  sur face  a r e a  of sorbent ;  
a r e  the p r inc ipa l  radi i  of the f i l m - v a p o r  in te r face ;  
is  the n o r m a l  to the sur face ;  
i s  the angle between a n o r m a l  to the in te r face  and the z - ax i s ;  
~s the th ickness  of adsorpt ion f i lm;  
is  the volume p e r  molecule ;  
is  the m o l a r  volume;  
is  the Bol tzmann constant;  
i s  the Avogadro number ;  
i s  the heat  of phase  t r ans fo rmat ion ;  
is  the heat  of adsorpt ion;  
is  the t rue volume expans iv i ty  of adsorpt ion  f i lm; 
is  the nominal  th ickness  of t rans i t ion  layer ,  r e f e r r e d  to the densi ty  of adsorpt ion f i lm; 
is  the e xce s s  f ree  ene rgy  p e r  unit a r e a  of in te rphase  boundary between sorbent  (including the 

adsorpt ion  film) and vapor  at  p r e s s u r e  P [18]; 
is  the e x c e s s  f ree  ene rgy  p e r  unit a r e a  of in te rphase  boundary  between sorbent  and cap i l l a ry  

condensate;  
i s  the exce s s  of bulk f ree  ene rgy  (exclusive of COo) of cap i l l a ry  condensate;  
i s  the quantity of sorbed  liquid, in moles ;  
is  the total  sur face  a r e a  of menisc i ;  
is  the width of equivalent  pore  at  the meniscus  level;  
i s  the c r i t i ca l  wetting angle.  

i p t s  

s r e f e r s  to bulk liquid; 
c r e f e r s  to cap i l l a ry  condensate;  
(') r e f e r s  to adsorpt ion  f i lm; 
(") r e f e r s  to vapor .  
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